ABSTRACT. For positive operators between Banach lattices a concept of absolute continuity is considered. On an AM-space with order unit norm, S is shown to be absolutely continuous with respect to T if and only if there is an approximation of S by finite sums of operators of the type q o T o h where h and q are multiplication operators or orthomorphisms. Given T compact, compactness of S is characterized.
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ABSTRACT. For positive operators between Banach lattices a concept of absolute continuity is considered. On an AM-space with order unit norm, S is shown to be absolutely continuous with respect to T if and only if there is an approximation of S by finite sums of operators of the type q o T o h where h and q are multiplication operators or orthomorphisms. Given T compact, compactness of S is characterized.
For positive operators S and T from a Dedekind complete Banach lattice E to a Banach lattice F, a concept of absolute continuity is considered. It is shown that for AM-spaces with order unit norm, S is "r-absolutely continuous" with respect to T if and only if S can be approximated by finite sums of operators of the type qoToh where h and q are orthomorphisms on E and F respectively. The symbol "o" denotes composition so that for / 6 E, (qoT o h)(f) = q(T(h(f))).
In particular E will be identified with functions on a topological space X and h will be identified with a multiplication by a function on X, again denoted by h, so that (hf)(x) = h(x)f(x) for x G X, and similarly for q. The operators r-absolutely continuous with respect to T contain the operators less than or equal to a multiple of T. Theorem 3 relating compactness of S to that of T might be contrasted to a theorem of Dodds and Fremlin (see [3 or 4] ) which states, in the presence of order continuous norms in E' and F, that the compactness of T implies the compactness of S < T.
Luxemburg (see [7, p. 185] ) defined S to be absolutely continuous with respect to T if Sf is in the band generated by Tf for each / > 0 in E. This was studied in the setting of Dedekind complete Riesz spaces. We will consider the following analogue in the setting of Banach lattices.
We define S to be topologically absolutely continuous with respect to T (or rabsolutely continuous) if for each positive element f in E the element of Sf is in the closure of the order ideal generated by Tf.
The condition S less than or equal to a multiple of T implies r-absolutely continuous which in turn implies absolutely continuous (in the sense of Luxemburg).
Let C(X) denote the Banach lattice of all continuous real-valued functions on a compact Hausdorff topological space X endowed with the supremum norm (|| Hoc). For linear functionals on C(X), given X extremally disconnected (equivalently, C(X) Dedekind complete), both concepts of absolute continuity coincide with the usual notion of absolute continuity for measures.
The extremally disconnected assumption will be needed for the proof of the following proposition and in turn for
Received by the editors February 10, 1986 and, in revised form, May 5, 1986 May 5, . 1980 An operator is an orthomorphism on E if it is in the order ideal generated by the identity operator. Approximations by finite sums of operators of the type q o T o h (the composition of the three operators) where h and q are orthomorphisms on E and F respectively have been used in [5, 6, 9] . Here we will compare absolute continuity to approximation by such operators.
We begin with the following characterization of r-absolutely continuous.
PROPOSITION. For two positive operators S and T from C(X) to C(Y), where
X is extremally disconnected, the following statements are equivalent. PROOF. Let S be r-absolutely continuous with respect to T. For a fixed y in Y, the map assigning each / in C(X) the value T(f)(y) is a positive linear functional on C(X). Thus, by the Riesz Representation Theorem, this functional corresponds to integration with respect to a measure py (on X). Similarly, the functional defined by S(f)(y) corresponds to a measure vy. Since the operator S is r-absolutely continuous with respect to T, vy is absolutely continuous with respect to py (see the Proposition). Hence, the Radon-Nikodym Theorem implies that Sf(y) = / fgy dpy License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for a positive measurable function gy on X. Since S(l)(y) is finite, gy is in L1. Given e > 0, there is a continuous function hy in C(X) satisfying ||ç7y -hy\\i < e (e.g., see [1, p. 203 Since S£(f)y = 0, we conclude that S(f)y = 0.
We define S to be order absolutely continuous (or o-absolutely continuous) with respect to T if for each positive / in E, the element Sf is in the ideal generated by Tf.
Again for a functional on a Dedekind complete C(X), this coincides with the usual concept of absolute continuity. THEOREM 2. Let S andT be positive operators from a Dedekind complete Banach lattice E having quasi-interior point e to a Banach lattice F. Let S be oabsolutely continuous with respect to T and denote by F the closure of the ideal generated by the range of T in F. For e > 0 and f > 0 in the ideal generated by e, there exists a finite collection of orthomorphisms hi on E and qi on F so that \\(S -J2li°Tohi)(f)\\ <e (|| -|| is the norm on F).
PROOF. We identify E with a vector lattice of extended real-valued functions on an extremally disconnected compact space X (each function finite on a dense subset of X) where the ideal generated by e is identified with the lattice C(X) and e is identified with the function 1 (e.g., see [8] ). The Banach sublattice F of F contains a quasi-interior point T(e). Thus we will identify F with a vector lattice of continuous extended real-valued functions on a compact space Y, where the order ideal generated by T(e) is identified with C(Y) and T(e) is identified with the function 1. Now T and S restricted to C(X) can be viewed as positive linear maps from C(X) into C(Y). Thus for / in C(X) and e > 0, Theorem 1 implies that there exists a finite sum Se = J2<Ji°T°hi so that \(S£ -S)(f)\ < sT(e) (for g in F, \\g\loo < e implies \g\ < eT(e)). It follows that ||(5£ -S)f\\ < c-||T(e)||, where || is the norm in F. finally, each hi and qi can be viewed as an orthomorphism on all of E and F respectively (see [10] ). For completeness, we include a verification of this fact. Let h be an element of C(X) and / > 0 in E. The sequence {fj}, where fj = f Ajl, converges to /. Now h is bounded by a number M, so that IM/i -fi)\ < M\f3--fi\.
This implies that \\hfj -hf%\\ < M\\fj -/¿|| and thus the sequence {hfj} is Cauchy in the norm of E. The limit k of this sequence is greater than or equal to every hfj. If k is not the least upper bound of the sequence {hfj}, then there is an r > 0 in C(Y) with (k -hfj) > r for all j. This implies \\k -hfj\\ > \\r\\, a contradiction.
Given any f in E the function f = f+ -f~, so that h is an orthomorphism on E corresponding to multiplication by h. PROOF. If S is the norm limit of operators of the type Y^¡=i qi°T o hi (each of which is compact), then it is clear that S is compact. For the converse, assume that S is compact. Now for y in Y and e > 0, let G denote the operator taking / to (S(f) -T(hyf)) as described in the proof of Theorem 1. Now G is compact and \G(f)(y)\ < e||/1Ico-We will show that there is a neighborhood Ny of y such that G(f)(Ny) is contained in (-3e,3e) for all / in the unit ball ofC(X). Assume that this is not the case. Then there exists a net (ya) convergent to y and functions fa in the unit ball of C(X) such that (i) G(fa)(ya) > 3c-, and (ii) G(fa)(y) < e.
It follows from the compactness of the operator that a subnet of G(fa) converges to some function h in C(Y). Condition (ii) implies that h is less than 3e/2 on a neighborhood W of y while condition (i) implies that h exceeds 2e on points in W, a contradiction.
Thus there exists a neighborhood Ny of y so that G(f)(Ny) is contained in (-3e,3e) . Repeating the construction in the proof of Theorem 1, one obtains functions q% and a partition of unity subordinated to the cover {Ny : y G Y}. Then the operator norm of (Y^Qi ° T o hi -S) is less than or equal to 3e.
We cite several examples to indicate that the different types of absolute continuity discussed here are indeed distinct. S and T will denote operators on C(ßN) where ßN denotes the Stone-Cech compactification of N. First, let S denote the identity operator.
Define the function g in C(ßN) by g(n) = 1/n for n in N and extended to ßN. We denote by T the operator of multiplication by g. S is absolutely continuous with respect to T in the sense of Luxemburg but S is not r-absolutely continuous with respect to T.
Second, let T again denote the operator of multiplication by the function g as above and let S denote the operator of multiplication by h, where h is defined at each n by h(n) = 1/y/n and extended to ßN. S is r-absolutely continuous with respect to T but not o-absolutely continuous with respect to T.
Third, let S denote the identity operator and T the operator defined by T(f) = J2neN(f(n)/n2) ' Î' wnere 1 is the function with constant value one. Here, S is oabsolutely continuous with respect to T but S is not less than or equal to a multiple ofT.
